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Abstract. In this paper, we introduce the notions of a vector-valued almost
automorphic distribution and a vector-valued almost automorphic ultradistri-
bution, working in the framework of complex Banach spaces. We prove several
structural characterizations for the introduced classes.
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1. Introduction and preliminaries
The notion of a scalar-valued almost automorphic function was introduced by
S. Bochner [2] in 1962. The first systematic study of almost automorphic func-
tions on topological groups was carried out by W. A. Veech [18]-[19] during the
period 1965-1967. The reader may consult the monographs [7] by T. Diagana, [10]
by G. M. N’Gue´re´kata and [14] by M. Kostic´ for the basic information about al-
most automorphic functions, asymptotically almost automorphic functions, their
generalizations and various applications to abstract integro-differential equations
in Banach spaces.
The notion of a scalar-valued almost automorphic distribution was introduced
by C. Bouzar and Z. Tchouar [4] in 2017, while the notion of a scalar-valued almost
automorphic Colombeau generalized function was introduced by C. Bouzar, M. T.
Khalladi and F. Z. Tchouar [3] in 2015 (see also the pioneering researches of I.
Cioranescu [5]-[6] and M. C. Go´mez-Collado [9] for almost periodic classes). As
mentioned in the abstract, the main aim of this paper is to introduce the notions of
a vector-valued almost automorphic distribution and a vector-valued almost auto-
morphic ultradistribution in a complex Banach space. We provide several structural
profilations for the introduced classes.
The organization and main ideas of paper are given as follows. In Subsection
1.1, we remind ourselves of the elementary facts about Komatsu’s approach to
vector-valued ultradistributions. Section 2 is written in an expository manner, and
its aim is to transfer the results of C. Bouzar and Z. Tchouar [4] to vector-valued
case. In Section 3, we introduce the notion of a vector-valued almost automorphic
ultradistribution and further analyze this concept. In such a way, we continue
the research study of vector-valued almost periodic ultradistributions, carried out
recently by the first named author [15].
We use the standard notation throughout the paper. By (X, ‖ · ‖) we denote
a complex Banach space. The symbol Cb(R : X) and C(K : X), where K is a
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non-empty compact subset of R, stand for the spaces consisting of all bounded
continuous functions R 7→ X and all continuous functions K 7→ X, respectively.
Both spaces are endowed with sup-norm. Let f : R → X be continuous. Then we
say that f(·) is almost automorphic, a.a. for short, iff for every real sequence (bn)
there exist a subsequence (an) of (bn) and a map g : R→ X such that
lim
n→∞
f
(
t+ an
)
= g(t) and lim
n→∞
g
(
t− an
)
= f(t),
pointwise for t ∈ R. If this is the case, we have that f ∈ Cb(R : X) and the limit
function g(·) is bounded on R but not necessarily continuous on R. The vector space
consisting of all almost automorphic functions is denoted by AA(R : X). Owing to
Bochner’s criterion, any almost periodic function has to be almost automorphic;
the converse statement is not true, however [7].
In this paper, we will use the following notion of a Stepanov p-almost automor-
phic function (see e.g. the paper [8] by S. Fatajou, N. Van Minh, G.M. N’Gue´re´kata
and A. Pankov): Let 1 ≤ p <∞. A function f ∈ Lploc(R : X) is said to be Stepanov
p-almost automorphic, Sp-almost automorphic or Sp-a.a. shortly, iff for every real
sequence (an), there exists a subsequence (ank) and a function g ∈ L
p
loc(R : X)
such that
lim
k→∞
∫ t+1
t
∥∥∥f(ank + s)− g(s)∥∥∥p ds = 0
and
lim
k→∞
∫ t+1
t
∥∥∥g(s− ank)− f(s)∥∥∥p ds = 0
for each t ∈ R. It is checked at once that the Sp-almost automorphy of f(·) implies
the almost automorphy of the mapping fˆ : R → Lp([0, 1] : X) defined by fˆ(t) :=
f(t+ ·), t ∈ R, with the limit function being g(·)(s) := g(s+ ·) for a.e. s ∈ [0, 1], so
that any Sp-almost automorphic function f(·) has to be Sp-bounded (1 ≤ p <∞);
see [14] for the notion. The vector space consisting of all Sp-almost automorphic
functions is denoted by AASp(R : X). If 1 ≤ p < q < ∞ and f(·) is Stepanov
q-almost automorphic, then f(·) is Stepanov p-almost automorphic. If f(·) is an
almost automorphic function, then f(·) is Sp-almost automorphic, for any p ∈
[1,∞). The converse statement is false, however.
1.1. Vector-valued ultradistributions. There are a great number of different
approaches to the theory of ultradistributions. For the sake of brevity, in this
paper we will always follow Komatsu’s approach, with the sequence (Mp) of pos-
itive real numbers satisfying M0 = 1 and the following conditions: (M.1): M
2
p ≤
Mp+1Mp−1, p ∈ N, (M.2): Mp ≤ AH
p sup0≤i≤pMiMp−i, p ∈ N, for some
A, H > 1, (M.3’):
∑∞
p=1
Mp−1
Mp
<∞. Any use of the condition
(M.3): supp∈N
∑∞
q=p+1
Mq−1Mp+1
pMpMq
<∞, which is slightly stronger than (M.3′), will
be explicitly accented.
It is well-known that the Gevrey sequence (p!s) satisfies the above conditions
(s > 1). Define mp :=
Mp
Mp−1
, p ∈ N.
The space of Beurling, resp., Roumieu ultradifferentiable functions, is defined by
D(Mp) := indlimK⋐⋐RD
(Mp)
K , resp., D
{Mp} := indlimK⋐⋐RD
{Mp}
K , where D
(Mp)
K :=
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projlimh→∞D
Mp,h
K , resp., D
{Mp}
K := indlimh→0D
Mp,h
K ,
D
Mp,h
K :=
{
φ ∈ C∞(R) : suppφ ⊆ K, ‖φ‖Mp,h,K <∞
}
and
‖φ‖Mp,h,K := sup
{
hp|φ(p)(t)|
Mp
: t ∈ K, p ∈ N0
}
.
In the sequel, the asterisk ∗ is used to denote both, the Beurling case (Mp) or
the Roumieu case {Mp}. The space consisted of all continuous linear functions
from D∗ into X, denoted by D′∗(X) := L(D∗ : X), is said to be the space of all
X-valued ultradistributions of ∗-class. We also need the notion of space E∗(X),
defined as E∗(X) := indlimK⋐⋐RE
∗
K(X), where in Beurling case E
(Mp)
K (X) :=
projlimh→∞E
Mp,h
K (X), resp., in Roumieu case E
{Mp}
K (X) := indlimh→0E
Mp,h
K (X),
and
E
Mp,h
K (X) :=
{
φ ∈ C∞(R : X) : sup
p≥0
hp‖φ(p)‖C(K:X)
Mp
<∞
}
.
The space consisted of all linear continuous mappings E∗(C) → X is denoted by
E ′∗(X); E ′∗ := E ′∗(C). Let us recall [11] that an entire function of the form P (λ) =∑∞
p=0 apλ
p, λ ∈ C, is of class (Mp), resp., of class {Mp}, if there exist l > 0 and
C > 0, resp., for every l > 0 there exists a constant C > 0, such that |ap| ≤
Clp/Mp, p ∈ N. The corresponding ultradifferential operator P (D) =
∑∞
p=0 apD
p
is of class (Mp), resp., of class {Mp}. The convolution of Banach space valued
ultradistributions and scalar-valued ultradifferentiable functions of the same class
will be taken in the sense of considerations given on page 685 of [13]. We have
that, for every f ∈ D′∗(X) and ϕ ∈ D∗, f ∗ ϕ ∈ E∗(X) as well as that the linear
mapping ϕ 7→ · ∗ ϕ : D′∗(X) → E∗(X) is continuous. The convolution of an X-
valued ultradistribution f(·) and an element g ∈ E ′∗, defined by the identity [13,
(4.9)], is an X-valued ultradistribution and the mapping g ∗ · : D′∗(X) → D′∗(X)
is continuous. Put 〈Th, ϕ〉 := 〈T, ϕ(· − h)〉, T ∈ D
′∗(X), ϕ ∈ D∗ (h > 0).
If (Mp) satisfies (M.1), (M.2) and (M.3), then
Pl(x) =
(
1 + x2
)∏
p∈N
(
1 +
x2
l2m2p
)
,
resp.
Prp(x) =
(
1 + x2
)∏
p∈N
(
1 +
x2
r2pm
2
p
)
,
defines an ultradifferential operator of class (Mp), resp., of class {Mp}. Here, (rp)
is a sequence of positive real numbers tending to infinity. The family consisting of
all such sequences will be denoted by R henceforth. For more details, see [11]-[13].
The spaces of tempered ultradistributions of Beurling, resp., Roumieu type, are
defined by S. Pilipovic´ [16] as duals of the corresponding test spaces
S(Mp) := projlimh→∞S
Mp,h, resp., S{Mp} := indlimh→0S
Mp,h,
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where
SMp,h :=
{
φ ∈ C∞(R) : ‖φ‖Mp,h <∞
}
(h > 0),
‖φ‖Mp,h := sup
{
hα+β
MαMβ
(1 + t2)β/2|φ(α)(t)| : t ∈ R, α, β ∈ N0
}
.
A continuous linear mapping S(Mp) → X, resp., S{Mp} → X, is said to be an X-
valued tempered ultradistribution of Beurling, resp., Roumieu type. The space con-
sisting of all vector-valued tempered ultradistributions of Beurling, resp., Roumieu
type, will be denoted by S ′(Mp)(X), resp. S ′{Mp}(X); the common shorthand will
be S ′∗(X). It is well known that S ′(Mp)(X) ⊆ D′(Mp)(X), resp. S ′{Mp}(X) ⊆
D′{Mp}(X).
2. Almost automorphy of vector-valued distributions
We will use the following elementary notion (see L. Schwartz [17] for more de-
tails). The symbol D = D(R) denotes the Schwartz space of test functions, the
space of rapidly decreasing functions S = S(R) carries the usual Fre´chet topology
and E = E(R), the space of all infinitely differentiable functions, carries with the
usual Fre´chet topology. By D′(X), S ′(X) and E ′(X) we denote the spaces of all
linear continuous mappings D → X, S → X and E → X, respectively.
Our first task in this section will be to verify that all structural results proved
by C. Bouzar and F. Z. Tchouar [4] continue to hold in vector-valued case. Let
1 ≤ p ≤ ∞. Then DLp(X) denote the vector space consisting of all infinitely
differentiable functions f : R→ X satisfying that for each number j ∈ N0 we have
f (j) ∈ Lp(R : X). The Fre´chet topology on DLp(X) is induced by the following
system of seminorms
‖f‖k :=
k∑
j=0
∥∥f (j)∥∥
Lp(R)
, f ∈ DLp(X)
(
k ∈ N
)
.
In the case that X = C, then the above space is simply denoted by DLp . A continu-
ous linear mapping f : DL1 → X is said to be a bounded X-valued distribution; the
space consisting of such vector-valued distributions will be denoted by D′L1(X). By
B′(X) we denote the space of such distributions; endowed with the strong topology,
B′(X) becomes a complete locally convex space. For every f ∈ B′(X), we have
that f|S : S → X is a tempered X-valued distribution.
Set
EAA(X) :=
{
φ ∈ E(X) : φ(i) ∈ AA(R : X) for all i ∈ N0
}
.
Since, for every φ ∈ EAA(X), we have φ ∈ AA(R : X) ⊆ Cb(R : X) and∥∥∥∥∥
∫ ∞
−∞
φ(t)ϕ(t)dt
∥∥∥∥∥ ≤ ‖φ‖L∞(R)‖ϕ‖L1, ϕ ∈ DL1 ,
the mapping φ 7→
∫∞
−∞ φ(t)ϕ(t)dt, ϕ ∈ DL1 is linear and continuous so that
EAA(X) ⊆ D
′
L1(X). Using the fact that the first derivative of a differentiable al-
most automorphic function is almost automorphic iff it is uniformly continuous
[7], it can be easily verified that we have EAA(X) = E(X) ∩ AA(R : X); further-
more, EAA(X) ∗ L
1(R) ⊆ EAA(X) and EAA(X) is a closed subspace of DL∞(X)
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(see [4, Proposition 5]). We have, actually, that EAA(X) is the space of those
elements f(·) from DL∞(X) for which f ∗ ϕ ∈ AA(R : X), ϕ ∈ D see [4, Corol-
lary 1]. For any vector-valued distribution T ∈ D′(X), we define τhT := Th by
〈Th, ϕ〉 := 〈T, ϕ(· − h)〉, ϕ ∈ D (h ∈ R).
The following result is crucial:
Theorem 2.1. (see [4, Theorem 1]) Let T ∈ D′L1(X). Then the following assertions
are equivalent:
(i) T ∗ ϕ ∈ AA(R : X), ϕ ∈ D.
(ii) There exist an integer k ∈ N and almost automorphic functions fj(·) : R→
X (1 ≤ j ≤ k) such that T =
∑k
j=0 f
(j)
j .
It is said that a distribution T ∈ D′L1(X) is almost automorphic iff T satisfies
any of the above two equivalent conditions. By B′AA(X) we denote the space
consisting of all almost automorphic distributions. The space B′AA(X) is closed
under differentiation and [4, Proposition 6] continue to hold in vector-valued case.
This is also the case with the assertions of [4, Proposition 7, Proposition 8, Theorem
2, Proposition 9, Proposition 10], so that we have the following theorem:
Theorem 2.2. (i) Let T ∈ D′L1(X). Then T is almost automorphic iff for every
real sequence (bn), there exist a subsequence (an) of (bn) and a vector-
valued distribution S ∈ D′(X) such that limn→∞ Tan = S in D
′(X) and
limn→∞ S−an = T in D
′(X) iff there exists a sequence of almost automor-
phic functions converging to T in D′L1(X) iff for every real sequence (bn),
there exists a subsequence (an) of (bn) such that liml→∞ limk→∞ τ−alτanT =
T in D′(X).
(ii) Let f ∈ AASp(R : X) for some p ∈ [1,∞). Then the regular distribution
associated to f(·) is almost automorphic.
3. Almost automorphy of vector-valued ultradistributions
For any h > 0, we set
DL1
(
(Mp), h
)
:=
{
f ∈ DL1 ; ‖f‖1,h := sup
p∈N0
hp‖f (p)‖1
Mp
<∞
}
.
Then (DL1((Mp), h), ‖ · ‖1,h) is a Banach space and the space of all X-valued
bounded Beurling ultradistributions of class (Mp), resp.,X-valued bounded Roumieu
ultradistributions of class {Mp}, is defined as the space consisting of all linear con-
tinuous mappings from DL1((Mp)), resp., DL1({Mp}), into X, where
DL1
(
(Mp)
)
:= projlimh→+∞DL1
(
(Mp), h
)
,
resp.,
DL1
(
{Mp}
)
:= indlimh→0+DL1
(
(Mp), h
)
.
These spaces, equppied with the strong topologies, will be shortly denoted by
D′L1((Mp) : X), resp., D
′
L1({Mp} : X). It is well known that D
(Mp), resp. D{Mp},
is a dense subspace of DL1((Mp)), resp., DL1({Mp}), as well as that DL1((Mp)) ⊆
DL1({Mp}). Since ‖ϕ‖1,h ≤ ‖ϕ‖Mp,h for any ϕ ∈ S
(Mp) and h > 0, we have that
S(Mp), resp. S{Mp}, is a dense subspace of DL1((Mp)), resp., DL1({Mp}), and
that f|S(Mp) : S
(Mp) → X, resp., f|S{Mp} : S
{Mp} → X, is a tempered X-valued
ultradistribution of class (Mp), resp., of class {Mp}. The space D
′
L1((Mp) : X),
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resp. D′L1({Mp} : X), is closed under the action of ultradifferential operators of
(Mp)-class, resp. {Mp}-class.
Assume that A ⊆ D′∗(X). Following the investigation of B. Basit and H. Gu¨enzler
[1], conducted for vector-valued distributions, we have recently introduced the fol-
lowing notion in [15]:
D′∗A (X) :=
{
T ∈ D′∗(X) : T ∗ ϕ ∈ A for all ϕ ∈ D∗
}
.
It is worth noting that D′∗A (X) = D
′∗
A∩B(X), for any set B ⊆ L
1
loc(R : X) that
contains C∞(R : X), as well as that the set D′∗A (X) is closed under the action of ul-
tradifferential operators of ∗-class. In [15], we have proved the following assertions:
(i) Suppose that there exist an ultradifferential operator P (D) =
∑∞
p=0 apD
p
of class (Mp), resp., of class {Mp}, and f, g ∈ D
′∗
A (X) such that T =
P (D)f + g. If A is closed under addition, then T ∈ D′∗A (X).
(ii) If A ∩ C(R : X) is closed under uniform convergence, T ∈ D′L1((Mp) : X)
and T ∗ ϕ ∈ A, ϕ ∈ D(Mp), then there exists h > 0 such that for each
compact set K ⊆ R we have T ∗ ϕ ∈ A, ϕ ∈ D
Mp,h
K .
(iii) Suppose that T ∈ D′(Mp)(X) and there exists h > 0 such that for each
compact set K ⊆ R we have T ∗ ϕ ∈ A, ϕ ∈ D
Mp,h
K . If (Mp) additionally
satisfies (M.3), then there exist l > 0 and two elements f, g ∈ A such that
T = P (D)f + g.
Now we will consider the case that A = AA(R : X). Then A is closed under the
uniform convergence and addition, and we have A ⊆ D′∗A (X) ([14]). Hence, as a
special case of the above assertions, we have the following result:
Theorem 3.1. Let (Mp) satisfy the conditions (M.1), (M.2) and (M.3’), and let
T ∈ D′(Mp)(X), resp., T ∈ D′{Mp}(X). Then the following holds:
(i) Suppose that there exist an ultradifferential operator P (D) =
∑∞
p=0 apD
p
of class (Mp), resp., of class {Mp}, and f, g ∈ D
′∗
AA(R:X)(X) such that
T = P (D)f + g. Then T ∈ D′∗AA(R:X)(X).
(ii) If T ∈ D′L1((Mp) : X) and T ∗ϕ ∈ AA(R : X), ϕ ∈ D
(Mp), then there exists
h > 0 such that for each compact set K ⊆ R we have T ∗ ϕ ∈ AA(R : X),
ϕ ∈ D
Mp,h
K .
(iii) Suppose that T ∈ D′(Mp)(X) and there exists h > 0 such that for each
compact set K ⊆ R we have T ∗ ϕ ∈ AA(R : X), ϕ ∈ D
Mp,h
K . If (Mp)
additionally satisfies (M.3), then there exist l > 0 and two elements f, g ∈
AA(R : X) such that T = P (D)f + g.
As an immediate corollary of Theorem 3.1, we have the following:
Corollary 3.2. Let (Mp) satisfy the conditions (M.1), (M.2) and (M.3)’, and let
T ∈ D′L1((Mp) : X), resp. T ∈ D
′
L1({Mp} : X). Consider now the following
assertions:
(i) There exist a number l > 0, resp. a sequence (rp) ∈ R, and two functions
f, g ∈ AA(R : X) such that T = Pl(D)f + g, resp. T = Prp(D)f + g.
(ii) There exist an ultradifferential operator P (D) =
∑∞
p=0 apD
p of class (Mp),
resp. {Mp}, and two functions f, g ∈ AA(R : X) such that T = P (D)f+g.
(iii) We have T ∗ ϕ ∈ AA(R : X), ϕ ∈ D∗.
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(iv) There exists h > 0 such that for each compact set K ⊆ R, resp. for each
h > 0 and for each compact set K ⊆ R, we have T ∗ ϕ ∈ AA(R : X),
ϕ ∈ D
Mp,h
K .
Then we have (i) ⇒ (ii) ⇒ (iii) ⇔ (iv). Furthermore, if (Mp) additionally satisfies
the condition (M.3), then the assertions (i)-(iv) are equivalent for the Beurling
class.
Let us introduce the following space
E∗AA(X) :=
{
φ ∈ E∗(X) : φ(i) ∈ AA(R : X) for all i ∈ N0
}
.
As in distribution case, E∗AA(X) ⊆ D
′∗
L1(X), E
∗
AA(X) = E
∗(X) ∩ AA(R : X) and
E∗AA(X) ∗ L
1(R) ⊆ E∗AA(X); furthermore, E
∗
AA(X) is the space of those elements
f(·) from E∗(X) for which f ∗ ϕ ∈ AA(R : X), ϕ ∈ D∗.
Consider now the following statement:
(ii)’: T ∈ D′L1((Mp) : X), resp. T ∈ D
′
L1({Mp} : X), and there exists a sequence
(φn) in E
∗
AA(X) such that limn→∞ φn = T for the topology of D
′
L1((Mp) :
X), resp. D′L1({Mp} : X).
The proof of following proposition is almost the same as that of [15, Lemma 1]:
Proposition 3.3. Let (Mp) satisfy the conditions (M.1), (M.2) and (M.3’), and let
T ∈ D′L1((Mp) : X), resp. T ∈ D
′
L1({Mp} : X). Then we have (iii) ⇔ (ii)’, with
(iii) being the same as in the formulation of Corollary 3.2.
It is said that a bounded ultradistribution T ∈ D′L1((Mp) : X), resp. T ∈
D′L1({Mp} : X), is almost automorphic iff T satisfies any of the above two equiv-
alent conditions. It can be simply verified that a regular distribution (ultradis-
tribution of ∗-class) determined by an almost automorphic vector-valued function
that is not almost periodic is an almost automorphic vector-valued distribution
(ultradistribution of ∗-class) that cannot be almost periodic (cf. [4, Example 2]).
Now we would like to state the following result:
Theorem 3.4. Let (Mp) satisfy the conditions (M.1), (M.2) and (M.3’), and let
T ∈ D′L1((Mp) : X), resp. T ∈ D
′
L1({Mp} : X). Then we have (i) ⇒ (ii) ⇒ (iii)
⇒ (iv), where:
(i) There exist an ultradifferential operator P (D) =
∑∞
p=0 apD
p of class (Mp),
resp. {Mp}, and two functions f, g ∈ AA(R : X) such that T = P (D)f+g.
(ii) For every real sequence (bn), there exist a subsequence (an) of (bn) and a
vector-valued ultradistribution S ∈ D′∗(X) such that limn→∞〈Tan , ϕ〉 =
〈S, ϕ〉, ϕ ∈ D∗ and limn→∞〈S−an , ϕ〉 = 〈T, ϕ〉, ϕ ∈ D
∗.
(iii) For every real sequence (bn), there exists a subsequence (an) of (bn) such
that liml→∞ limk→∞〈τ−alτakT, ϕ〉 = 〈T, ϕ〉, ϕ ∈ D
∗.
(iv) We have T ∗ ϕ ∈ AA(R : X), ϕ ∈ D∗.
Furthermore, if (Mp) additionally satisfies the condition (M.3), then the assertions
(i)-(iv) are equivalent for the Beurling class.
Proof. The proof of (ii) ⇒ (iii) ⇒ (iv) can be deduced as in distribution case (see
e.g. the proof of [4, Proposition 9]). For the proof of implication (i) ⇒ (ii), observe
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that the almost automorphy of functions f(·) and g(·) implies the existence of
essentially bounded functions F ∈ L∞(R : X) and G ∈ L∞(R : X) such that
lim
n→∞
f
(
t+ an
)
= F (t) and lim
n→∞
F
(
t− an
)
= f(t)
and
lim
n→∞
g
(
t+ an
)
= G(t) and lim
n→∞
G
(
t− an
)
= g(t),
pointwise for t ∈ R. Using these equations, the dominated convergence theorem
and the fact that, for every bounded subset B of D∗ and for every compact set
K ⊆ R, there exists h > 0 such that B is bounded in D
Mp,h
K ([11]), it readily follows
that limn→∞ f(· + an) = F in D
′∗(X) and limn→∞ g(· + an) = G in D
′∗(X), so
that limn→∞〈Tan , ϕ〉 = 〈S, ϕ〉, where S ∈ D
′∗(X) is given by S := P (D)F + G.
Similarly we can deduce that limn→∞〈S−an , ϕ〉 = 〈T, ϕ〉, ϕ ∈ D
∗, finishing the
proof of theorem. 
In the present situation, we cannot tell whether the implication (iv) ⇒ (ii) holds
true in general case.
In [4, Section 6], C. Bouzar and F. Z. Tchouar have continued the analysis of S.
Bochner [2] concerning linear difference-differential operators
Lh =
p∑
i=0
q∑
j=0
aij
di
dxi
τhj ,
where aij are complex numbers (0 ≤ i ≤ p, 0 ≤ j ≤ q) and h = (hj)0≤j≤q ⊆ R
q.
Taking into account the fact that [2, Theorem 4(i)] holds in vector-valued case, [15,
Theorem 1, Theorem 3] and the proof of [4, Theorem 3], we can simply clarify that
the assertions of [4, Theorem 3, Corollary 3] hold for vector-valued distributions,
as well as for vector-valued ultradistributions:
Theorem 3.5. Let Cpbuc(R : X) denote the vector space of all p-times differentiable
uniformly continuous functions f ∈ BUC(R : X) for which f (j) ∈ BUC(R : X),
0 ≤ j ≤ p. Let S ∈ D′L1({Mp} : X), resp. S ∈ D
′
L1({Mp} : X), be almost
automorphic.
(i) If every solution f ∈ Cpbuc(R : X) of the homogeneous equation Lhf =
0 is almost automorphic, then every solution T ∈ D′L1((Mp) : X), resp.
T ∈ D′L1({Mp} : X), of the inhomogeneous equation LhT = S is almost
automorphic.
(ii) If S′ is almost automorphic, then S is almost automorphic.
(iii) Any translation Sh of S is almost automorphic (h ∈ R).
We close the paper with the observation that the assertions of [4, Theorem 4,
Corollary 4] can be also formulated for vector-valued distributions and vector-valued
ultradistributions.
Acknowledgement
The authors are partially supported by grant 174024 of Ministry of Science and
Technological Development, Republic of Serbia.
VECTOR-VALUED ALMOST AUTOMORPHIC (ULTRA)DISTRIBUTIONS 9
References
[1] Basit, B., Gu¨enzler, H., Generalized vector valued almost periodic and ergodic distributions,
J. Math. Anal. Appl. 314 (2006), 363–381.
[2] Bochner, S., A new approach to almost periodicity, Proc. Nat. Acad. Sci. U.S.A. 48 (1962),
2039–2043.
[3] Bouzar, C., Khalladi, M. T., Tchouar, F. Z., Almost automorphic generalized functions, Novi
Sad J. Math. 45 (2015), 207–214.
[4] Bouzar, C., Tchouar, F. Z., Almost automorphic distributions, Mediterr. J. Math. 14:151
(2017), https://doi.org/10.1007/s00009-017-0953-3.
[5] Cioranescu, I., On the abstract Cauchy problem in spaces of almost periodic distributions, J.
Math. Anal. Appl. 148 (1990), 440-462.
[6] Cioranescu, I., The characterization of the almost periodic ultradistributions of Beurling type,
Proc. Amer. Math. Soc. 116 (1992), 127–134.
[7] Diagana, T., Almost Automorphic Type and Almost Periodic Type Functions in Abstract
Spaces. Springer-Verlag, New York, 2013.
[8] Fatajou, S., Van Minh, N., Gue´re´kata, G. M. N’, Pankov, A., Stepanov-like almost automor-
phic solutions for nonautonomous evolution equations, Electron. J. Differential Equations 121
(2007), 1–11.
[9] Go´mez-Collado, M. C., Almost periodic ultradistributions of Beurling and of Roumieu type,
Proc. Amer. Math. Soc. 129 (2000), 2319–2329.
[10] Gue´re´kata, G.M.N’, Almost Automorphic and Almost Periodic Functions in Abstract Spaces.
Kluwer Acad. Publ., Dordrecht, 2001.
[11] Komatsu, H., Ultradistributions, I. Structure theorems and a characterization, J. Fac. Sci.
Univ. Tokyo Sect. IA Math. 20 (1973), 25–105.
[12] Komatsu, H., Ultradistributions, II. The kernel theorem and ultradistributions with support
in a manifold, J. Fac. Sci. Univ. Tokyo Sect. IA Math. 24 (1977), 607–628.
[13] Komatsu, H., Ultradistributions, III. Vector valued ultradistributions. The theory of kernels,
J. Fac. Sci. Univ. Tokyo Sect. IA Math. 29 (1982), 653–718.
[14] Kostic´, M., Almost Periodic and Almost Automorphic Type Solutions of Abstract Volterra
Integro-Differential Equations. Book Manuscript, 2017.
[15] Kostic´, M., Vector-valued almost periodic ultradistributions and their generalizations, Mat.
Bilten, submitted.
[16] Pilipovic´, S., Tempered ultradistributions, Boll. Un. Mat. Ital. 7 (2-B) (1998), 235–251.
[17] Schwartz, L., Theorie des Distributions, 2 vols. Hermann, Paris, 1950-1951.
[18] Veech, W. A., Almost automorphic functions on groups, Amer. J. Math. 87 (1965), 719–751.
[19] Veech, W. A., On a theorem of Bochner, Ann. of Math. 86 (1967), 117–137.
Faculty of Technical Sciences, University of Novi Sad, Trg D. Obradovic´a 6, 21125
Novi Sad, Serbia
E-mail address: marco.s@verat.net
Department for Mathematics, Faculty of Civil Engineering, Ss. Cyril and Methodius
University, Skopje, Partizanski Odredi 24, P.O. box 560, 1000 Skopje, Macedonia
E-mail address: velinovd@gf.ukim.edu.mk
